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Abstract
We wish to solve the heat equation ut = u − qu in Id × (0, T ), where I is the unit interval and T
is a maximum time value, subject to homogeneous Dirichlet boundary conditions and to initial conditions
u(·, 0) = f over Id . We show that this problem is intractable if f belongs to standard Sobolev spaces, even
if we have complete information about q. However, if f and q belong to a reproducing kernel Hilbert space
with ﬁnite-order weights, we can show that the problem is tractable, and can actually be strongly tractable.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
This issue of the Journal of Complexity is being dedicated as a special Festschrift marking
Henryk Woz´niakowski’s 60th birthday, and I am grateful for the opportunity to contribute to the
festivities. Henryk and I have known each other for over one-half of our lifetimes (!), going back
to 1974, when I asked him to be on my doctoral committee at Carnegie-Mellon. Over the last
30 odd years, Henryk has been my mentor, colleague, and dear friend. When asked to give a
one-word description of Henryk, the word mentsch 1 immediately comes to mind. I am happy
to join with Henryk’s other colleagues and friends in wishing him all the best as we mark this
milestone.
∗ Corresponding address: Department of Computer Science, Columbia University, New York, NY 10027, USA.
Fax: +1 212 666 0140.
E-mail address: agw@cs.columbia.edu.
1 A nearly untranslatable Yiddish word, roughly meaning “the epitome of a decent, caring, upright person”.
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One of the topics that Henryk and I have been studying is the complexity and tractability of
“quasilinear problems”. The basic idea here is motivated by the observation that whereas the
solution u of a linear operator equation Lu = f depends linearly on f, this often does not tell
the whole story. The operatorL often depends on one or more coefﬁcient functions. One of the
simplest examples is the case Lq = − + q of the Helmholtz (or Schrödinger) operator on
a d-dimensional domain. If we want to admit algorithms using partial information about both
f and q, then we no longer have a linear problem. These considerations have led us to consider the
approximate solution of d-dimensional problems given by an operator Sd , in which the mapping
Sd(·, q) is linear for each q. Under mild smoothness conditions, we say that such problems are
quasilinear.
Henryk and I ﬁrst studied quasilinear problems in [11]. That paper, based on [7], developed
a general framework for establishing (strong) tractability of quasilinear problems over certain
weighted reproducing kernel Hilbert spaces. We then used the tools of [11] to study tractability
for the elliptic problem −u+qu = f , subject to homogeneous Dirichlet or Neumann boundary
conditions; our results may be found in [12].
This note is similar in spirit to [12]. However, whereas [12] deals with a model elliptic problem,
this paper will look at tractability of the heat equation
u
t
(x, t) = −(Lqu)(x, t) ∀ x ∈ I d, t ∈ (0, T ),
u(x, 0) = f (x) ∀ x ∈ I d,
u(x, t) = 0 ∀ x ∈ I d, t > 0.
(1)
Here, I = (0, 1) and q is the heat transfer rate for conductive loss to the ambient environment.
As in [12], our main task is to prove an appropriate a priori inequality, which will establish the
quasilinearity of our heat equation problem. Having done so, we can immediately apply the tools
of [11], which will yield simple conditions guaranteeing (strong) tractability of the heat equation,
as well as explicit error and cost bounds. However, since these explicit results are so similar to
those of [12] and since they are so lengthy to state, this paper will merely summarize them by
giving the exponents of tractability, which are the most important pieces of the puzzle. Those who
wish to see a more precise statement of these results may consult [10].
2. The heat equation
We use the standard notation for Sobolev inner products, seminorms, norms, and spaces, found
in (e.g.) [4,5,9]. Moreover, we let Z++ denote the set of positive integers, and let Qd denote the
non-negative functions in L∞(I d). For f ∈ L2(I d) and q ∈ Qd , we wish to solve (1). Note that
we can write
〈Lqv,w〉 = Bd(v,w; q) ∀ v,w ∈ H 10 (I d),
where
Bd(v,w; q) =
∫
Id
[∇v∇w + qvw] ∀ v,w ∈ H 10 (I d).
From [5, pp. 382–383], we have to see that there exists a unique solution
u = Sd(f, q) ∈ L2
([0, T ];H 10 (I d)) ∩ H 1([0, T ];H−1(I d))
to the heat equation (1), and that u ∈ C([0, T ];L2(I d)).
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Note that Sd(f, q) depends continuously on f and q, this bound being sharp in its dependence
on f:
Theorem 2.1. Let (f, q), (f˜ , q˜) ∈ L2(I d) × Qd . Then
‖f − f˜ ‖L2(I d )‖Sd(f, q) − Sd(f˜ , q˜)‖C([0,T ];L2(I d ))
‖f − f˜ ‖L2(I d ) + T ‖q − q˜‖L2(I d )‖f ‖L∞(I d ).
Proof. Let u = Sd(f, q) and u˜ = Sd(f˜ , q˜). Since u(0) = f and u˜(0) = f˜ , we immediately
obtain the ﬁrst inequality. Hence, it only remains to prove the second inequality.
Choose t ∈ (0, T ), and let e(t) = u(t) − u˜(t). Since Lq is self-adjoint in L2(I d), we can
check that
‖e(t)‖L2(I d )
d
dt
‖e(t)‖L2(I d ) = −Bd(e(t), e(t); q˜) + 〈(q − q˜)u(t), e(t)〉L2(I d )
〈(q − q˜)u(t), e(t)〉L2(I d )
‖(q − q˜)u(t)‖L2(I d )‖e(t)‖L2(I d ),
where we have used the fact that Bd(w,w; q)0 for any w ∈ H 10 (I d). Hence,
d
dt
‖e(t)‖L2(I d )‖(q − q˜)u(t)‖L2(I d ). (2)
Recall (see, e.g. [2, Theorem 2.12]) that the strong maximum principle implies that
‖u(t)‖L∞(I d )‖f ‖L∞(I d ),
so that
‖(q − q˜)u(t)‖L2(I d )‖q − q˜‖L2(I d )‖u(t)‖L∞(I d )‖q − q˜‖L2(I d )‖f ‖L∞(I d ).
Substituting this inequality into (2), we obtain
d
dt
‖e(t)‖L2(I d )‖q − q˜‖L2(I d )‖f ‖L∞(I d ).
Since we have the initial condition
‖e(0)‖L2(I d ) = ‖f − f˜ ‖L2(I d ),
we ﬁnd that
‖e(t)‖L2(I d )‖f − f˜ ‖L2(I d ) + t‖q − q˜‖L2(I d )‖f ‖L∞(I d ).
Since t ∈ (0, T ) is arbitrary, this establishes the theorem. 
Let Fd ⊂ L2(I d) × Qd be the set of problem elements (f, q) for which we wish to solve
the heat equation. Let  denote the class of admissible information functionals; thus,  is either
the set all of all continuous linear functionals or the set std of standard information consisting
of function evaluations. Then card(, Sd, Fd,) denotes the minimal number of -evaluations
needed to compute an -approximation in the worst case setting under a given error criterion. The
typical choices of error criterion are the absolute error criterion (in which we guarantee that the
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worst case error is at most ) and the normalized error criterion (in which we guarantee that the
initial error is reduced by a factor of at most ).
The problem S = {Sd}∞d=1 is tractable if there exist C > 0, perr0, and pdim0 such that
card(, Sd, Fd,)C
(
1

)perr
dpdim ∀  ∈ (0, 1), d ∈ Z++.
If no such perr and pdim exist, then the problem S is said to be intractable. Furthermore, the
problem S is said to be strongly tractable if there exist C > 0 and pstrong > 0 such that
card(, Sd, Fd,)C
(
1

)pstrong
.
3. Intractability for classical Sobolev spaces
Recall that our set Fd of problem elements is a subset of L2(I d) × Qd , where Qd denotes
the non-negative elements of L∞(I d). We brieﬂy discuss tractability when the ﬁrst component
of Fd is a ball of ﬁxed radius in a standard Sobolev space Hr(Id). There is no essential loss of
generality in assuming that this ball has unit radius.
Theorem 3.1. Let  = all. Regardless of whether the absolute or normalized error criterion is
used, the heat equation is intractable if the ﬁrst component of Fd is the unit ball BHr(Id).
Proof. First, suppose that we are using the absolute error criterion. From the lower bound in
Theorem 2.1, we see that
e(n, Sd, Fd,
all)e(n,Appd ,BHr(Id),all),
where Appd : Hr(Id) → L2(I d) is the approximation problem given by
Appdf = f ∀f ∈ Hr(Id).
It is well known (see, e.g. [3]) that there exists Cd > 0 such that
e(n,Appd ,BHr(Id),all)Cdn−r/d .
Combining these results, we see that
cardabs(, Sd, Fd,all)
(
Cd

)d/r
,
and hence our problem is intractable in the absolute error criterion.
We now turn to the normalized error criterion. Fix (f, q) ∈ Fd and let u = Sd(f, q). For any
t ∈ [0, T ], we have the series representation
u(t) =
∞∑
j=1
e−j t 〈f, zj 〉L2(I d )zj ,
where z1, z2, . . . ∈ H 10 (I d) are the L2(I )-orthonormal eigenvectors ofLq corresponding to the
positive eigenvalues 12 . . . , from which we see that
‖u(t)‖L2(I d )‖f ‖L2(I d )‖f ‖Hr(Id ).
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Since Sd(·, q) ∈ Lin[Hr(Id), L2(I d)] for any q ∈ Qd , we may use the results of [6, Section 4.5],
along with the previous inequality, to ﬁnd that
e(0, Sd, Fd,all) = max
0 tT
sup
(f,q)∈Fd
‖Sd(f, q)(t)‖L2(I d )1.
Hence,
e(n, Sd, Fd,
all)
e(0, Sd, Fd,all)
Cdn−r/d ,
and so we have
cardnor(, Sd, Fd,all)
(
Cd

)d/r
.
Thus our problem is intractable in the normalized error criterion. 
Note that we are approximating the solution of the heat equation Sd over the full time interval
[0, T ]. One might well ask what would happen if we were only trying to approximate the solution
Sd,t at a ﬁxed positive time value t. Using the techniques of [8], one can show that for either the
absolute or normalized error criterion, we have
card(, Sd,t , F˜d ,all) ∼
(
1
tcd
ln
1

)d/2
(for some positive constant cd ). Hence this weaker problem is still intractable.
4. Tractability for ﬁnite-order weighted spaces
Since the heat equation is intractable for classical Sobolev spaces, we ask what happens when
the problem elements are based on balls of ﬁnite-order weighted spaces. Let Kd be a reproducing
kernel of the form
Kd(x, y) =
∑
u∈{1,... ,d}
|u|
d,u
∏
j∈u
K(xj , yj ),
where K ∈ L∞(I 2) is the reproducing kernel of a Hilbert space H(K) of univariate functions,
and the d,u are non-negative numbers (weights). We shall assume that the weights have ﬁnite
order (see, e.g. [1]), which means that there exists  ∈ Z++ such that
d,u = 0 ∀ u ⊆ {1, . . . , d} such that |u| >  ∀d ∈ Z++. (3)
The order of a set of ﬁnite-order weights is the smallest  ∈ Z++ such that (3) holds.
Now we are ready to describe our problem element set Fd . We will choose Fd = Fd,F ×
(Fd,Q ∩ Qd), where both Fd,F and Fd,Q will be balls of H(Kd) having ﬁnite radius.
We are now ready to state tractability and strong tractability results for the heat equation. These
results depend on two additional pieces of data. The ﬁrst is whether
2 =
∫ 1
0
∫ 1
0
K(x, y) dx dy
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is positive or zero. (Note that since K is a reproducing kernel, we know that 2 is ﬁnite and
non-negative.) The second is whether we are dealing with ﬁnite-order weights of order  having
a bounded sum, i.e. whether
sup
1d<∞
∑
u∈{1,...,d}
|u|
d,u < ∞.
We may summarize our results as follows:
1. For the absolute error criterion, we have
General case Bounded sum
2 > 0 2 = 0 2 > 0
all perr2, pdim2 perr2, pdim3 pstrong2
std perr4, pdim4 perr2, pdim6 pstrong4
2. For the normalized error criterion, we have
General case Bounded sum
2 > 0 2 = 0 2 > 0
all perr2, pdim perr2, pdim2 pstrong2
std perr4, pdim2 perr2, pdim4 pstrong4
Hence, the heat equation is always tractable for ﬁnite-order weighted RKHSs, and it is strongly
tractable if the sum of the weights is bounded.
As mentioned above, we are giving neither the proofs nor the (lengthy!) exact statements of the
results, which may be found in [10]. These can all be obtained by using the tools of [11], together
with Theorem 2.1, as was done in [12] for the Helmholtz equation.
It is worthwhile to compare the results for the heat equation with those we obtained in [12]:
1. The results for the heat equation under the absolute error criterion are the same as for the
Helmholtz equation under both Dirichlet and Neumann boundary conditions.
2. The results for the heat equation under the normalized error criterion are the same as for the
Helmholtz equation under Neumann boundary conditions.
Note thatwe studied bothDirichlet andNeumannboundary conditions in [12]. Themain reason for
introducingNeumann conditions in [12]was thatwewere unable to establish strong tractability for
the Dirichlet problem under the normalized error criterion, and we wanted to exhibit a version of
the problem for which the Neumann problem was strongly tractable. Since the Dirichlet problem
for the heat equation is strongly tractable under the normalized error criterion if the weights have
a bounded sum, we did not feel the need to analyze the Neumann problem for the heat equation.
Acknowledgment
I am happy to thank A. Papageorgiou and J.F. Traub for their comments.
Arthur G. Werschulz / Journal of Complexity 23 (2007) 553–559 559
References
[1] J. Dick, I.H. Sloan, X. Wang, H. Woz´niakowski, Good lattice rules in weighted Korobov spaces with general weights,
Numer. Math. 103 (1) (2006) 63–97.
[2] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientiﬁc, River Edge, NJ, 1996.
[3] E. Novak, Deterministic and Stochastic Error Bounds in Numerical Analysis, Lecture Notes in Mathematics, vol.
1349, Springer, New York, 1988.
[4] J.T. Oden, J.N. Reddy, An Introduction to the Mathematical Theory of Finite Elements, Wiley-Interscience, New
York, 1976.
[5] M.Renardy,R.C.Rogers,An Introduction toPartialDifferential Equations, second ed., Texts inAppliedMathematics,
vol. 13, Springer, New York, 2004.
[6] J.F. Traub, G.W. Wasilkowski, H. Woz´niakowski, Information-Based Complexity, Academic Press, New York, 1988.
[7] G.W. Wasilkowski, H. Woz´niakowski, Finite-order weights imply tractability of linear multivariate problems, J.
Approx. Theory 130 (2004) 57–77.
[8] A.G. Werschulz, What is the complexity of related elliptic, parabolic, and hyperbolic problems?, Math. Comp. 47
(176) (1986) 461–472.
[9] A.G. Werschulz, The Computational Complexity of Differential and Integral Equations: an Information-Based
Approach, Oxford University Press, New York, 1991.
[10] A.G. Werschulz, Complexity and tractability of the heat equation. Technical Report CUCS-031-06,
Department of Computer Science, Columbia University, New York, NY, 2006. Available via the Web at
〈http://mice.cs.columbia.edu/getTechreport.php?techreportID = 414〉.
[11] A.G. Werschulz, H. Woz´niakowski, Tractability of quasilinear problems. I: general results. J. Approx. Theory (2007).
doi: 10.1016/j.jat.2006.09.005.
[12] A.G. Werschulz, H. Woz´niakowski, Tractability of quasilinear problems. II: elliptic problems, Math. Comp. 76 (258)
(2007) 45–76.
